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1. Introduction: Meta Analysis and

difficult when the unknown measurement precision

Interlaboratory Studies

This article is concerned with mathematical aspects
of an ubiquitous problem in applied statistics: how to
combine measurement data nominally on the same
property by methods, instruments, studies, medical
centers, clusters or laboratories of different precision.
One of the first approaches to this problem was sug-
gested by Cochran [1], who investigated maximum
likelihood (ML) estimates for one-way, unbalanced,
heteroscedastic random-effects model. Cochran re-
turned to this problem throughout his career [2, 3], and
Ref. [4] reviews this work. Reference [5] discusses
applications in metrology and gives more references.

The problem of combining data from several sources
is central to the broad field of meta-analysis. It is most
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varies among methods whose summary results may not
seem to conform to the same measured property.
Reference [6] provides some practical suggestions for
dealing with the problem.

In this paper we investigate the ML solutions of the
random effects model which is formulated in Sec. 2. By
representing the likelihood equations as simultaneous
polynomial equations, the so-called Groebner basis
for them is derived when there are two sources. A
parametrization of such solutions is suggested in
Sec. 2.1. The maxima of the likelihood function are
compared for positive and zero between-labs variance.
A numerical method for solving likelihood equations
by reducing them to an optimization problem for a
homogeneous objective function is given in Sec. 2.2.
An alternative to the ML method, the restricted maxi-
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mum likelihood is considered in Sec. 3. An explicit
formula for the restricted likelihood estimator is
discovered in Sec. 3.2 in the case of two methods.
Section 4 deals with the situation when methods
variances are considered to be known, and an upper
bound on the between-method variance is obtained.
The Sec. 5 discusses the relationship between likeli-
hood equations and moment-type equations, and
Sec. 6 gives some conclusions. All auxiliary material
related to an optimization problem and to elementary
symmetric polynomials is collected in the Appendix.

2. ML Method and Polynomial Equations

To model interlaboratory testing situation, denote by
n; the number of observations made in laboratory
i,i=1, ..., p, whose observations x; have the form

x; =p+b +e;

(1

Here pu is the true property value, b, represents the
method (or laboratory) effect, which is assumed to be
normal with mean 0 and unknown variance ¢?, and &
represent independent normal, zero mean random
errors with unknown variances 77.

For a fixed i, the i-th sample mean x, =2, x,/n, is
normally distributed with the mean x and the variance
o2+ 0,%, where 6, = 7*/n,. If the 6’s were known, then
the best estimator of u would be the weighted average
of x; with weights proportional to 1/(c*+ o;?). Since
these variances are unknown, the weights have to be
estimated. Traditionally to evaluate o;> one uses the
classical unbiased statistic s’ =%, (x;—x,)*/(nv),
v,=n,—1, which has the distribution 6,y*(v,)/v,. Since
statistics x;, s2, i=1, ..., p, are sufficient, we use the
likelihood function based on them.

The ML solution minimizes in x4, 62, 6%, i=1, .., p,
the negative logarithm of this function which is
proportional to

2 (x, — )’ N 2 Vs
o’+o] 4 2

zlog(a +0; )"'va logo; .

It follows from (2) that if 67 is the ML estimator of
0%, then 62 >0. However, it is quite possible that
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67 =0. In order to find these estimates one can replace
e in (2) by

Y x(o’ +02)"
=== 3)
Y (@’ +0))
which reduces the number of parameters from p + 2 to

p+ 1L

Our goal is to represent the set of all stationary points
of the likelihood equations as solutions to simultaneous
polynomial equations. To that end, note that

2w =) =Y owa = ) A w)
2w, O =x) (X w).

1<i<j<p

4)

This formula, which easily follows from the
Lagrange identity [7, Sec.1.3], will be used with
w,=(c’+ 057"

We introduce a polynomial P of degree p in 62,

P
P=P’,0}.....00)=]](c° +67) =)'S, 0% ©)
i /=0

with S, =S, (o7, .,Gi),f =0,1,..., p, denoting the ¢th
elementary symmetric polynomial. Another polynomial

of interest is O = Q(0?,07,...,0,) having degree

p-2ino?,
0(%,07,...00)= Y (x-x)[](c" +077)
1<i<j<p k#i,)
o (6)
:qu 100 = z (x, _xj)zg'j )
=0 1<i<j<p
2
where P, = P(c?,0},...,0,) is a polynomial

i

90,00
inc’ of degree p—2 which does not depend on o7, o7,

2

and ¢,=¢,(07,...,0,)isa multilinear formin o7, ..., 0.
Since
P' 1
—logP(0°,07,...,0)) = ,
7 90 g P( 1 ) 2,:‘0'2 +o (7)
the identity (4) can be written as
z(xk o' _Qo/P_Q ®)
o’+o; ~P/P P
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The negative log-likelihood function (2) in this
notation is

Y

L=<
P!

2
+logP+2@+2v[logof. 9)
i O i

i

Let P,=T1,,(0’+0;%) be the partial derivative of P
with regard to o/’; denote by Q, the same partial deriv-
ative of Q and by P/=3, ., P, the derivative of
P’(0°,0°,...,6,)). By differentiating (9), we see that the
stationary points of (2) satisfy polynomial equations,

/(0" +0;) QP ~0F)+0; (P (10)
+v, (0] =5’ )0 +0)P'=0.
Each of these polynomials has degree 4 in o7,
i=1,...,p. When 6*=0, P=]lc? and the equations
(10) simplify to

02 P(Q,P'~OP)+ 0} B(P')’ an
+v, (o} —s’)P(P")’ =0.

These polynomials have degree 3 in 6. If > >0, in
addition to (10) one has

F=(P) +(QP-QP")P=0, (12)
and F has degree 3p-3 in 0°.

In both cases the collection of all stationary points
forms an affine variety whose structure can be studied
via the Groebner basis of the ideal of polynomials (11)
or (10) and (12) which vanish on this variety. The
Groebner basis allows for successive elimination of
variables leading to a description of the points in the
variety, i.e., to the characterization of all (complex)
solutions. There are powerful numerical algorithms for
evaluation of such bases [8]. Many polynomial likeli-
hood equations are reviewed in Ref. [9]. We determine
the Groebner basis for equations (11) when p =2 in the
next section.

2.1 ML Method: p=2

When p =2, O = (x,—x,)>. If 6> =0, the polynomial
equations (11) take the form

(x,—x,)’0; —(no’ —vs’ )0} +0.) =0,i=12. (13)

The Groebner basis is useful for solving these
equations as it allows elimination of one of the

541

variables, say, o,>. With n=n,+n, f=n-+n,,
u= 0-12/()51_352)2» L= ‘722/(x|_x2)2: 1= Vlslz/(xl_xZ)z
and z,=v,s*/(x;=x,)>, under lexicographic order,
0,>> 0,’, the Groebner basis for equations (13) written
in the form

u’ +(z, —nlu)(u-i-v)2 =0,

(14)
V> +(z, —n,V)(u+v)’ =0, (15)

consists of two polynomials,
Gl(u,v)=c0u2 +clv5 +czv4 -i—qv3 +c4v2 , (16)

o =mzf(+z)+nz],
o =-n'm fz, +nn(n +3n)n’z, —n'n f,
¢, ==2mnfz +2mn(n’ +4n'n, +4nnm +2m)z 2
—nn(nin, +4nn, +6m)z + fn'n z
—n(5n! +5n'n, +8m’n; +4n’w —4n))z,
+fn;(n} +2nn, +213),
¢y ==fmz +m(w +4n'n +5nm +4m)z
—(2n} +8n’n, +12n'n; +Tnm, +213) 27 2
+3nn,n’zy =3 mz +(Bn'n, +10n'n, +6nm)z 2
+n,n(5n] +Tnn, —2n)z;
+3f mz +n,Qm 61, +nmy —4m)z, — [,
c,=-n'zz[f(+z)+nz],

and

G, (u,v) =duv+dv’ +d,v* +dv’ +dv*, (17)
d, =2n1222[f(l+zl)+nlzz],
d, =—n2f2n2 s
d, :—2nn2fzz1 +nf(nl2 +3m n, +4r122)z2
+f2(n]2 +2nn, +2n§),
d, =—nzfzzl2 +2f(nl2 +2nn, +2r122)zlz2
—712(31112 +6mn, n, +4nzz)zz2 —Zanzz1 —4nn, [z, —fr123 s
d,=nz,(1+z +z)[fA+z)+nz].

This fact can be derived from the definition of the
Groebner basis and confirmed by existing computa-
tional algebra software.

It follows that for stationary points u,v, G,(u,0) =
G,(u,0) = 0. All these points can be found by express-
ing u through v via (17),

(18)

u=-v(dv’ +d,0* +d,v+d,)/ d,,



Volume 116, Number 1, January-February 2011
Journal of Research of the National Institute of Standards and Technology

substituting this expression in (16), and solving then
the resulting sextic equation for v,

c,(dV’ +d v’ +dv+d,)

(19)

+d; (¥’ +c,0° +cu+c,)=0.

Thus, there are 3 X 6 = 18 complex root pairs out of
which positive roots u, v are to be chosen. Although in
practice most all these roots are complex or nega-
tive and are not meaningful, sometimes the number
of positive roots is fairly large. For example, x=

-0.391, x, = 0.860, 57 =0.075, 5, =0.102, n, = n, =3,
there are three positive solutions, ( u= 0.2 63,0=0.053),
u=0.138, v=10.106), (u=0.035, v=0.312). In this

particular case one has to compare the likeli-
hood function evaluated at these solutions with the

likelihood evaluated when 6°> 0, in which case the
stationary points are (u = v = 0.065, z= 0.230),
(u = 0.246, v = 0.055, z = 0.003), (u= 0.042, v=
0.234, z = 0.019),(u = 0.048, v= 0.065, z= 0.193).

(The likelihood is maximized at the last solution.)

If 6% =0, the estimators &,

1, 62 satisfy the equations,

(xl_xz)z :i_vlsl :i_vzsz 20
©i+0l) o o o o G0

which imply the inequalities v.s7/n < 67 <[(x,—x,)°
+v,5]/n;. Evaluation of second derivatives shows that
2n6.65(x, —x,) <nn (6] +6;).

These solutions are to be compared with the solutions

when 67 > 0, in which case with y= o7/( x, —x,)*> 0,

QRy+u+v)’ =2(y+u)(y+v)=0, (21)
u” (u —0)+2(z, =v,u)(y+u)(y+v)=0, (22)
V(W —u)+2(z, —v,0)(y +u)(y+v) = 0. (23)

Notice that (21)-(23) imply thatif &°>0, then the
inequalities s’ =6/, s; <67, and & <6, are all

equivalent. The fact excludes the possibility that 67 =s,

6_27

2 _ 2 : : A2 A2
unless s7 =s;, in which case 67=6;= s,
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[(x,—x,)’/4—5],, x, = max(0, x). In this and only in
this situation (whose probability is zero), 67 =s;. The
equation (21) implies that 2 y +u +0v <1/2, so that

2 . (x, _xz)2
S

S (24)

Unfortunately, the Groebner basis for equations
(21)-(23) has a much more complicated structure: the
form of the monomials entering into the basis poly-
nomials depends on z,, z,, n, and n,. To find solutions
to (21)-(23) we start with conditions on u and v for
which y >0 in (21)-(23).

For fixed u and v the behavior of the derivative of (9)
with respect to ¢” is determined by that of the cubic
polynomial (12) which now takes the form,

F()=Qy+u+v) =2(y+u)(y+v).  (25)
This derivative is positive if and only if F(y) > 0.

As is easy to check, the derivative of F has two roots:
—(u+v)/2 and y*=1/6 — (u + v)/2. The polynomial
F has no positive roots if and only if either y* <0,
F(0)20 or if y*>0, F(y*)>0. We rewrite these
conditions as follows: (21) has a positive root if and
only if either

1 3
u+v=—, (u+v) <2uv,
3 (u+v) (26)

or

27

If (26) holds, there is a unique positive stationary
point. When condition (27) is met, only the largest root
of F(y) =0 (i.e., the one exceeding y*) can be the ML
estimator 6% Analysis of second derivatives shows
that (y, u, v), y> 0, can provide the minimum only
if 2y+u+v>V3ju—v| and (y+u)(y+ v)min
iy +w)/u, v,(y+v)/v) 2y[u—-v].

Figure 1 shows the region where (21) has a positive
root in the (u, v) plane. Its boundary is formed by two
straight segments where 3\/3|u -v|=1, 3u+v) <1,
and by a cubic curve when u+ v=1/3. The largest
possible value of u or v such that 62> 0 is 8/27.
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Fig. 1. The region where (21) has a positive root. The squares mark the points where the boundary changes from
linear to cubic. Two points of this region at which u or v take the largest possible value (8/27) are marked by o.

To study further the form of solutions to (21)-(23),
we use the fact that

arg min L (28)

—arg min
zl/u+zz/v+l/(2y +u+v)=n

[v, logu +v, log v +log(y +u) +log( y+v) ],

which can be shown by the direct calculation or by the
argument from Sec. 2.2. Thus assuming the condition
z,/u+z,/v+1/(2y+u+ v)=n, one can parametrize
the solutions of Egs. (21)-(23) as follows: for s
in the unit interval, u = (z,5+z, (1= s))/[s(n—-1/K)],
v=(z,;5+z,(1=s))[(1=s)(n—1/K)], u+y=2w(l —w)°,
v+y=2w (I-w)with K=2y+u+v=2w1-w>1/n
where w, 0 <w < 1, solves the cubic equation u — v =
2(1-2w)yw(l—w) or

(1= 2wy 1220 =2w) |
n

2(1-2s)(zs+2z,(1-5)) _

0. (29)
ns(l—s)

543

The conditions (26) and (27) reduce to the inequalities,

25(1_S)(n_isz, (30)
K ns(1—s)
and

[1=2w| w(l—w) < — (31)

63
The discriminant of the cubic equation (29) reveals
that when s # 1/2,|1-2s|[zs+2(1 —9]<(n-2)""

s(l—s)/(3\/§), and (29) has three real roots, two of
them of the same signas 1-2s. If s=1/2, then we
have w=1/2. Indeed the condition y>0 leads to the
following restriction on the range of s:|1—-2w|
<|1 -2 s| with a strict inequality when y > 0.

The end points of this domain can be found as
solutions to the equation,

s(1-s)(1-25)* =

(n—=2)s(1-ys) + 2(z,s+2z,(1-9)) —0, (32)
n n
which is a quartic equation in &= 1-2s,
(33)

54_2(’1_1)52 _8_A§_82—n+2 ~0.
n n n
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Fig.2. The region where 6°>0 when n=2,n,=2.

Here z = (z, + z,)/2, A= (z, — 2))/2,| A< Z.

If the equation (33) has two distinct roots £, Ein
the interval (-1, 1), then the range of s-values is the
interval [s,5], O0<s =(1-&)/2<5 =(1=-£)/2<1,
and for s € (s,5) the polynomial in (32) is negative.
Therefore, if there are two roots of (29) in the interval
(0, 1) which have the same sign as 1 — 2s, the one with
the smallest absolute value of |1 — 2w/, i.e., the one with

|1-2w|< \/(n—2)/(3n), is to be chosen. Thus, the solu-

tions of equations (21)-(23) are parameterized by se [s, 5].

To determine conditions for the equation (33) to have
two roots &, &, in the interval (=1, 1), observe first that
it cannot have more than two roots there. Indeed the
polynomial in (33) assumes negative values at the end
points, and it has exactly two roots if and only if there
is a point in this region at which that polynomial is
positive.

If the derivative of this polynomial, 4&°~4 (n— 1)
&/n—8A/n, does not vanish in (-1, 1), then (33)
cannot have two roots there. This happens when this
derivative has just one real root, or equivalently the
discriminant of the cubic polynomial is negative which
means that | A|>[(n—1)/(3n)]** and which implies
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that |A|>1/2. Then the derivative takes negative
values at the end points of the interval (-1, 1).

If &, is the point of maximum of the polynomial (33)
in (=1, 1), then 4/~ 4(n—1)&/n=8A/n, and the
roots £, & exist if and only if

2n-1),, 8A, 8zZ-n+2
g2l 8ag B2onil
n n
n
According to inequality (34),

, n—l<\/4n2—8n+1—24n7 3

_ < , 5
-2 = 69

and (35) shows that z <(4n* -8 n+1)/(24 n) <(n-1)*”

/(3y/3n) . One must have| E 1 S<\J(n=1)/(3 1), as the

derivative decreases only in this sub-interval of (—1,1).

Thus
2_ _ j—
- 4n 8n+1224nz . (36)
(n—=1)

n—1

2
>
So 2




Volume 116, Number 1, January-February 2011

Journal of Research of the National Institute of Standards and Technology

15

05

1.8

16

14

b

08

06

04

0.2

.
\\
\\\
\\
\\\\
\\
\
\\\\
0 075 ’; 1.5
Z4
Fig.3. The region where 6 °>0when n=4,n=4.
L / i
IF / = \\ il
u
0 UI2 OI4 UIG O:S 'Il 1‘2 1‘4 1‘6 1.8
24

Fig.4. The region where 6°> 0 when n=8,n,=3.

545



Volume 116, Number 1, January-February 2011
Journal of Research of the National Institute of Standards and Technology

If 8z<n-2 (i.e.,4n” —8n+1-24nz> (n-)?), Eq. (33)
must have two roots &, £ as it takes a positive value
when &= 0. Since sign(&,) = —sign (A), assuming that
8z 2n-2, we get

28 =g

(5"

3n

. 4n* —8n+1-24nz
(n-1)°

which means that

n* —8n+1-241z

(n-1y’

}1/2
s

] 37

(4n* —8n+1-24nz)"
+3(n—1)(4n* —8n+1-241z)
>4[(n—1)’ =27nA’]1 20.

(39%)

The condition (38) can also be shown to be sufficient
for the existence of &, & .

This parametrization and the Groebner basis for (13)
allow for given z,, z, to compare the minimal values of
(9) when y > 0 with that when y = 0. Figures 2-4 show
bounded regions where 6% > 0 in the space (z,, z,) when
n=n=2, ny=n=4, or n;=8, n,=3. When
ny=n 23, this region is a triangle, z, +z,<¢; for
n, # n, it is more complicated.

We summarize the obtained results.

Theorem 2.1. When p =2, the Groebner basis for (13)
is given by (16), (17). The solutions of (21)-(23) satisfy
conditions (26) and (27). These solutions can be
parametrized via (29) by s € (s, 5) where the end points
can be found from (32) given that (38) holds.

We conclude by noticing the relationship of the prob-
lem discussed here to the likelihood solutions to the
classical Behrens-Fisher problem [10] which assumes
that 02 = 0.

2.2 Solving Likelihood Equations Numerically

In view of the difficulty in evaluating the Groebner
basis for p > 2, an iterative method to solve the opti-
mization problem in (2) is of interest. Notice that the
sum of the first two terms in (2) is a homogeneous

function of 6%, o7, ..., 0, of degree —1. Therefore,
with n=2,n,,

546

mn L= min L
0'2,(712,...,612) 2.62,/10'12,...,/10';
v.s
iSi
- mln
ro? o'1 o‘ Z;L(O' +0; ) 22,0'1,2

+2 log(A(c? +07)) +Zvl. 1og(/lof)]

o'o' O'+O'

min 2|:m1n[ (Z (=R

viSi 2 2 (39)
+Z?) +nlog ] +Zlog (G +0; )

+2v,. 10g0’,2:|
(s s

2
Yoty 9 y,-]

min
RO

+Zlog(y0 +3,) +Zv,, log yl]

+n—nlogn.
The minimizing value of Ais ),0:(2 (x,—0) /v, +¥)
+2 v.s:/y,)/n. Thus the objective function in (39)
becomes homogeneous of degree Oin y,, v, ..., ¥,
which reduces the problem to minimization of such
a function. If y,, y, ...,

(39), then 6°=4,y,, 6=, »,..., 6
solution.

v, is a solution to the problem
=AY, is a ML
To minimize the objective function in (39)

F(YosV15--5,)
+2 i I

(x;
_nlog[z Yoty ‘
0 i

+ ZlOg(yo +,) +Zvi log y; ,

J (40)

one can impose a restriction on y,, y, ..., y, such as
Yy;,=1 or A;=1. Note that F tends to +eo when
y;—> 0 or y,— +e for any fixed y,>0. Since

> (x;— @)/ (yo+y) =0, one sees that
(=[S
+v.)? 2 _
iF=—n Lo ylz2 . ot +—, (41)
%, z (x;—@)" v,s; Wty oy
- - 4+ 7
J y0+y/' y.i

which must be positive for large y; and negative for
sufficiently small y,.
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If y, > 0, by equating this derivative to zero, we obtain

s A Aonk

5 (42)
Yi Vi Vi

where A, =(x, — 1)*/(y, + ¥,) +V,5./y, ,s0 that ZA= nA,.
The equation (42) must have a positive root, which
means that for A; evaluated at a stationary point,

Vi, h=ndy @)
A
and
St Ao (B R s
v, 2 25 \4s vy

It follows that for any stationary point, 25> Ay, i.e.,

2si2 A2 2
<06, <2s;.

1+ 1+4ns2
\} 179

For a fixed value of A,, say, 4, = 1, the Eq. (42) leads
to an iteration scheme, with specified initial values of
" and [T ,,. We take these to be the estimates arrived at
by the method of moments as described later in Sec. 5,
but once they are given, one can solve the cubic
equation for v, = y,/y;,

(45)

vi(1+vi)2visi2 _(1 +Ui)2viy0

(46)
—(1+0)y, +v,(x, _.H)2 =0.

It is easy to see that each of these equations has
either one or three positive roots. If there is just one
root, then it uniquely defines v;. In case of three positive
roots, the root which minimizes (40) is chosen. Under
this agreement, at stage k in (46) v,= 0%, y,=y,%,
I = [i,, and after solving (46) we put

(k+1)
v
(k+1)
7 1+v;
(k+1) >

Z J

1+p &

Hi = “7)

and
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1
(k+1) _
Yo = T

|:Z v[(kH) (x[ - :L_lk+1 )2

(k1)
; 1+

+2M§¢“”} (48)

n

k

=0,1, ...

As in [11], (46) defines a sequence converging to a
stationary point, and at each step the value of (40) is
decreased.

Theorem 2.2 Successive-substitution iteration defined
by equations (46), (47) and (48) converges to a station-
ary point of (40) so that at each step this
function decreases. At any stationary point inequalities
(43) and (44) hold and (45) is valid.

Notice that Vangel and Rukhin tacitly assume in [11]
that y,> 0. The case of the global minimum attained
at the boundary, i.e., when y, =0, can be handled as
follows. Equating (41) to zero gives

—\2 2
- (x, =) +v,s;

R AL (49)

ni

and a simpler version of an iterative scheme
(x,— @) +v.s’

k+1) _ n

y,( 0 = P ‘uk+l (50)
2( —[) Vs
)
j Vi

X

Vi

-1
1
[2 y(,k+l) :| >

k=0,1,..., y”=s% »,=0, converges fast. However
the solutions obtained via (46), (47), (48) and (50)
are to be compared by evaluating L. To assure that a
global minimum has been found, several starting values
should be tried.

The maximum likelihood estimator and the restrict-
ed maximum likelihood estimator discussed in the next
section can be computed via their R-language imple-
mentation through the /me function from n/me library
[12]. However this routine has a potential (false or
singular) convergence problem occurring in some
practical situations.

(k+1)
J
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3. Restricted Maximum Likelihood

The possible drawback of the maximum likelihood
method is that it may lead to biased estimators. Indeed
the maximum likelihood estimators of ¢ ’s do not take
into account the loss in degrees of freedom that results
from estimating u. This undesirable feature is eliminat-
ed in the restricted maximum likelihood (REML)
method which maximizes the likelihood corresponding
to the distribution associated with linear combinations
of observations whose expectation is zero. This method
discussed in detail by Harville [13] has gained consid-
erable popularity and is employed now as a tool of
choice by many statistical software packages.

The negative restricted likelihood function has the
form

RL=L+log(}(c° +0)") =

& [z< +of>l]

<L, (07 +o0, )(0' +0; )

+log(Y (07 +07) ™)+ log(c;] +07)

+2%+zvi logo; . (51)

By using notation (5) and (6), we can rewrite
RL=%+logP'+Zv(;—f+Zv,long. (52)
To estimate 6 and 67, i = 1, ..., p one has to find the

minimal value of Q/P" + log P’. The derivative of this
function in o? is proportional to the polynomial H of
degree 2p—3 in this variable,

H — P/PII+Q/PI_QPH’ (53)

as opposed to 3p—3 which is the degree of the corre-
sponding polynomial F in (12) under the ML scenario.

For fixed 6%, i=1, ..., p , all p roots of the poly-
nomial P = P (0?) are real numbers, so that

(54

[14, 3.3.29].
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An application of (54) shows that

F>P(PP"+QP ~QP")= PH . (55)

Since P (06?) >0, if F has a positive root ¢?, then
H also must have a positive root 7°. Moreover,
77 < 62, so that the ML estimator of ¢ is always small-
er than the REML estimator of the same parameter for
the same data.

The polynomial equations for the restricted likeli-
hood method have the form,

0. (Q/ P'=QF+EP)+v,(0] =5 )(P)" =0, (56)

with each of these polynomials being of degree 3 in 67
i=1,..., p. When 62> 0, Egs. (56) have to be aug-
mented by the equation H=0.

3.1 Solving REML Equations

To solve the optimization problem in (51) in practice
one can use a method similar to that in Sec. 2.2. Indeed,

. _ (x; -’ v,.s[2
62,2}?1.].,612)RL Ao r?lln |:z l(a +0; ) 2 A,O'IZ
+10g(z o )) +210g(x(a +07))

+ Zv[ log(laf):|

m1n2|:m1n (z(x ”) 2 2)

+o; o

i

p )-i— Z log (02 +o? )

+(n—1)logl]+log(2 zi
o
+Zvilogcrf:|

|:(n l)log(z +2ﬁ)

(x;
i Yot i Vi

J+Zlog(y0 +,) +ZV,- log y[]

+n—1-(n—1)log(n-1).

min
Yoo~

+log(2

i Vo i

(57)
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The minimizing value of A is A,= (Z,(x~i)*/
0o+ )+ 2 vis?/y) / (n—1), and the objective function
in (57) is homogeneous of degree 0 in y’s. If
Yor yl, ...,¥, is a solution to the problem (57), then
floyo, ¢ =Xy, ... 6,=2Ay, is a REML
solutlon.
When y, > 0, the function in (57) takes the form

(n— l)log[z( Zﬁ]

ty, T (58)
+log log + v, logy,.
Its derivative with respect to y; is
x —[) v.s
TR v
o e ty)
(n-1) — 5
(x, — ) Vs
Yo, Y
1 (59)
+3.) .
# Yot Vi »
J yo +yj

As in Sec. 2.2, for a fixed value A, = 1 we can use an
iterative scheme which is based on (59). However, now
one has to specify initial values of y,”, I, and of
A9=3(y,+y)" after which the cubic equations for

V= Yo/ Vi
v,(1+0)v,s) =(1+0.)°v,y, —(1+0) ¥,

+0,/A+0,(x, —[1)* =0 (60)

are solved for i =1, ..., p, with updating as in (47) and
(48). Each of these equations has either one or three
positive roots. If there is just one root, then it defines
v;, out of three roots the largest is taken.

If y=0, then with the vectors e = (1, ..., 1)’
2= 2y, (2), 2= 1/ o7, and p X p symmetric matrlx
R defined by positive elements ((x; — x)*+v,s7+v;s7)/2,
(58) takes the form

min [(n—l)log(zTRz)—(n—z) log(z" =Y nlog z ]
o (6
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The gradient of the function in (61)

2(n—-1)Rz e 0 (62)
o (n=2)———,
zZ'Rz (n )zTe z
and its Hessian is
) 2n-DHR  4(n- DRz zR (n 2)ee
V°F = - -
z Rz (Z'Rz)* (e’
(63)

+diag (%)
z

where 77°/z is the vector with coordinates n,/z;,

i=1, ..., p, leads to the iteration scheme,
n 2(n—1)Rz"™
2 O RAP —(n=2)e,
) (64)
ORI S; 20 =1,
i ZS72
k=0, 1, ..., which converges fast.

The solutions obtained via (60) and (64) are to be
compared by evaluating RL in (57).

32 REMLp=2

To find the REML solutions &
notice that (51) takes the form

2and 6% when p=2

_ 2
RL = %Hog(z)waf +07)
2y+o, +0, 65)
st s
+v, (—12 +logo; j+v2 (—22 +logo; J
Gl 62
which shows that if (x, — x,)* = s+ 55,
6/ =s",i=1,2, (66)
~2 1 2 2 2
9 =E[(xl—x2) - —sz]. (67)

Indeed this choice simultaneously minimizes each of
three bracketed terms in (65) guaranteeing the global
minimum at this point. When (x] X,)* <52+ s as we
will see, 67 =0. To find 672, i=1,2, one can employ
the Groebner basis of the polynomlal equations (56)
which in the notation of Sec. 2.1 takes the form
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wu+v-1)+WVu—z)u+v)’ =0 (68)

V(u+v-1)+Wv,0-z)u+v)’ =0. (69)

This Groebner basis consists of three polynomials

G,(u,0) = au’ +av’ +a,v* +qv’ +qv’,  (70)

whose coefficients are not needed here,

G, (u,v) = byuv+hv’ + bv* + b’ + hv7,

by ==2nz[nzz, +2(n, =)z +(n, =2)z +n =2],

b =—ny(n=1)(n=2)(n, +2m, ~2)*,

by, =—(n +2n, =2’ 2nn, +21 —n —4n, +2) 7

+(n,+2n, =2)(n}+4nin, +Tnni+4m —5n
—14nn, —12n; +8n +12n, —4)z,

+(n, +2n, =2)°(n] +2n,n, +215 =30, —4n, +2),

b, =—(n,+2n, —=2)°v,z;

+2(n, +2n, =2)(n} +2n,n, +21 =3n, —4n +2) z z,

~@Bnin, +6n,n; +4n, —n —12nn, =120 +4n,
+12n, —4)z;

=2v,(n,+2n, =2)*z, —2(n, +2n, =2)
Qmn, +2n; —n, —4n, +2)z,

=2v,(n, +2n, =2)%,

b,=nz,(1+z,+z)[(n +2n =2)z, +(n, =2) z,
+n,+2n, —2], (71)
and
(72)

G, (u,0) = ¢,0° + ¢V’ + v + U,
with
¢, = n,(n—1)(n-2),
¢, =Qm +2nn, —n —4n, +2)z
—(n +3n +4nn, —3n —6n, +2)z,
_”12 —2n22 —2mn, +3n, +4n, -2,
¢, =V,z; —(2n +4n, —4)zz,
+(2n, +3n, —3)222 +2v,z, +(2n +4n, —4) z, +v,,

G = _ZZ[(ZI _22)2 +2(Zl +Z2) +1] .
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All stationary points of the restricted likelihood
equations can be found by solving the cubic equation
G5(v)=0 for v>0, and substituting this solution in
(71), allowing one to express u through v,

u=-v(bv’ +bv’> +bv+b,)/b, .

Thus, in this case there are 3 complex non-zero roots
pairs u, v.

Another approach is to use the argument in Sec. 3.1
which for a fixed sum 2y,+y, +y,=1, leads to the
optimization problem,

min
sl
},l >0!},2 >0

o

I:(n—l)log[1+i+z—2J+sz log y; :|’ (73)

If (x, — x,)* < 57+ s7 then according to Lemma 1 in
the Appendix, for a fixed sum y, + y, =y, the minimum
in (73) monotonically decreases when 0 <y <1, so that
this minimum is attained at the boundary, y, +y, =1, in
which case indeed 6>=0. Thus, one can solve the
cubic equation for w=1-2y,,

(n=2)w' —(4A+28)W —(n+8AS —41z-2)w
—4A(n-1)-26(1+42)=0, (74)
where 0 = (n, —n,)/2, and as before z= ( z + z,)/2, A=
(z, —z)/2.

An alternative method is to use the iteration scheme
(64) to solve (57).

4. Known Variances

4.1 Conditions and Bounds for Strictly Positive
Variance Estimates

In view of the rather complicated nature of likeli-
hood equations, in many situations it is desirable to
have a simpler estimating method for the common
mean u. The most straightforward way is to assume
that the variances o7, i=1, ..., p, are known. In this
case, essentially suggested in Ref. [15], but also pur-
sued in Refs. [16, 17], these variances are taken to be
s? (or a multiple thereof). Because of (3), the only
parameter to estimate is y = o’
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We give here upper bounds on the ML estimator
6% and on the REML estimator &2

2

Theorem 4.1 Assume that the variances o,
i=1,...,p, are known. Then
o1 (p-1)"(x,—x))’
6! < —max| ———————(0/ +0)) | , (75)
2 iz p X
and
=2 1 | —x )V —(62 + 62
67 <~ max[(p=Dx —x)" =(c7 +0)) | . (76)
In particular, if
(x, —x,)
max —5——5 < P 5 (77)
isi<jsp 07 +0;  (p—1)
then 6*=0.If
2
X, —X, 1
max S 1 (78)
I1<i< j<p GI. +G/. p—l
62=0.
Proof: We prove first that
’7 7 (xi _'x')2 ’
|OP" QP [ (p—1) max —=—22-PP”. (19)
isi<jsp O +0;
Indeed, one can write
OP"-Q'FP = kzk(k -1-0q,,.,S, v (80)
N

and Lemma 3 in the Appendix shows that since
@p-1=-0lk=1-0]<(p-1)k—-1),(79) holds.
One gets for the polynomial H in (53),

H>PP'|1-(p-1) G =)
- p o ol +o! G

which is positive under condition (78). Then 62 = 0.
Similarly (77) and (54) imply that

X —X. 2
F> P'l(P')z —(p-1) max %PP" >0. (82)
Isi<j<p O +Gj

To prove (76) observe that with y replaced by y + a
a formula like (79) holds for any positive a. The only
modification is that S, ,(c/, ..., 6;) is replaced by
S, (a+ o), ...,a+c)) and the H®a)/k! represent
polynomial coefficients. Then a version of Lemma 3 in
the Appendix states that
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%3(“1)@-5-1)

|: (x, —x, )2 ‘|P(H1)(Cl)

5| 2a+07 +07 | (1+1)! &)
(x,=x)" |P""(a)
= (p—t-1 - .
v )lf?%{za tol 4ol | 0

The argument, as before, shows now that if
max . (x, = x,)’/Qa+o} +0}) <(p-1)7", then
H(@)>0, k=0, ..., 2 p=3. It follows that 6* < g
so that (76) is valid with a=2"max[( p —1)(x, —x)°
—(0} +0?)], . The proof of (75) is similar. ,

When p =2, the bounds (75) and (76) are sharp as
(24) and (67) show. When p increases, their accuracy
decreases. Section 4.2 gives necessary and sufficient
conditions for 62 =0 when p = 3. It is possible to get
better estimates under additional conditions. For exam-
ple, if the ordering of sequences S, ,(5;7) (67 + 07)
(notation of Lemma 2) and (x;—x)’ (07 + 0;)”" is the
same, then the maximum of (x;— j)z (o7 + sz),
1<i<j<p,in (77) and (78) can be replaced by their
average.

4.2 Example: Restricted Maximum Likelihood for
p=3

When p=3, O()=qw+¢q, is a polynomial of
degree one, and

H(y)=18y" +3(6S, - ¢,) )’
+(6S, +4S] —64,)y +2S.S, +¢,S, —2¢S, (84)

3
= zhE—ky g
0

is a polynomial of degree three. If H(0) =/, <0, it has
a positive root, which means that 6> > 0. Otherwise the
existence of a positive root is related to the sign of the
discriminant

D= k- dh b —4h*h,

272K +18h b bk, . (85)

If D <0 and /; > 0, there is just one real root which
must be negative, and then 62 = 0. If D >0, then there
are three real roots. The condition /; >0 implies that
either two of them are positive and one is negative (so
that at least one of the coefficients 4, or 4, is negative)
and 62> 0, or all three roots are negative (so that
62>0)
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Separation between these cases depends on the ratio
A=qlq; . Let E,=S,/q,,E,=S,/q; . Then E, < E/3,
I =18, /g, = 18(E, ~1/6), hy/q =6( E +2 EI3 -1,
h/qy =2EE, + E, —2AE, . Actually, as follows from

the proof of Theorem 4.1, E; > A, but we do not use
this fact here.

Algebra shows that when E,= E/3,one has D=
S44(E, -3M)°(BA +1/16 — E),when h,=0, ie., if
E, = AE/(E, +0.5), then D= 36(4E + E -32°
(8E’—20E’—10E,+1+481)(1+2 E)~, and on the curve
h,=0, i.e., when E,=A-2 E}/3, D factorizes as fol-
lows, D=36(4E +2E’ -3A)(108E —-162E —18 E
+814). Let 12"1 be the smallest positive root of the
cubic equation

8E —20E’ —10E, +1+481=0, (86)
which is defined for A <0.5137..., and let E, be the
(only) positive root of the equation

4E} +2E} -3A=0. (87)

The discriminant of (87) is negative, and according
to Descartes’s rule there are always two complex roots,
and one positive root. It is easy to check that E, = E,(1)
is monotonically increasing in A < 0 and E,(1/16) = 1/4.

In this notation, when A<1/16 (so that 4,<0
implies that 4, <0), the region {(E,, E,): E,<E?3,
h32>0, 62> 0}, is formed by three curves: (i) h;=0

between the point M, =((V1+484 —1)/4, (1 +24A -

N1+484)/24), where h, =0 intersects the curve E,=
E}/3, and the point ( E, A—2 E/3) on h,=0, (ii) E, =
E’/3 between M, and the point M,=( E=3A+1/6,
E’/3) where D=0 intersects E,= E/3, and by (iii)
the cubic in E, curve corresponding to the equatio n
D =0, which connects the point M, and the point M=
(3A+1/6, E/3).See Fig. 5. If A <2/81, this region also
includes the part of the curve /,= 0 where E, < E,,

but the probability of having the likelihood solution
there is zero.

When A >1/16, one has E, >1/4 = E(1/16), so that
h,>0.Also then E, >A/3, E >+, so that h, >0.
Thus in this situation 6° >0 if and onlyif 4, >0.
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5. Moment-Type Equations

5.1 Weighted Means Statistics

When the within-lab and between-lab variances o}
and o? are known, the best (in terms of the mean
squared error) unbiased estimator of the treatment
effect x4 in the model (1) is a weighted means statistic
(3) with w,=w’=1/(c*+ ¢?). Even without the
normality assumption for these optimal weights,
EXw(x,—i)=p~-1,and

1
+o’)"

_ »_ L

If V ar(x)) = 67 + o2, but the weights w; are arbitrary,

»

, Y (0 +07)w

EYw(x —[) =Y (0 +0) )y ————
i 1

P

ZW[
1

2

(39)
P P
P Zwlz )4 201214{2
=O'2 ZW,.— lp +20-[2Wi_ lp
1 zwi 1 ZW[
1 1
In particular, when w, = 1/ 6}
2": 1
-’ 2] ot (90)
PR oot S -

o)
1
o

1

The simplest estimate of the within-trials vari-
ances o is by the available s, but the problem of
estimating the between-trial component of variance
0> remains.
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Fig. 5. The region where 3 > 0 and 62> 0 when A= 1/27. The solid line is & 3 2 0, the dash-dotted line
isE,=FE 12/ 3, and the dotted line is D = 0. The point M, is marked by +, the point M, is marked by a

square, the point M3 by o.
5.2 DerSimonian-Laird Procedure

By employing the idea behind the method of
moments, DerSimonian and Laird [18] made use of the
identity (90) as an estimating equation for # and o,
provided that o} are estimated by s7, in the following
way. For weights of the form

1
y+si’

\/1}’.

C2))

determine a non-negative y = yp,; from the formula,

20 _79)2 1
Z‘SI (x,=X") —p+ ©2)

S 2 = —4 S 2 3
ZS,- —Zsz- ZS,-
i=1 i=1 =1

Yp, =max| 0,

~ P _ P —~
and put %, = () % (W +5) 7V D (v +5) 7
Here ¥° = (3. x57°)/ )" 57, is one of traditional
estimators for the common mean (the Graybill-Deal
estimator). In other words, the statistic x” and the weights
w, = s;” corresponding to ¢’ =0, are used to evaluate
the sum Y’ s%(x, — ')* which s then employed to
estimate 6 via (90).
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5.3 Mandel-Paule Method

The Mandel-Paule algorithm uses weights of the
form (91) as well, but now y = y,,,, which is designed
to approximate o2, is found from the moment-type
estimating equation,

- (x,' _55)2 _
=1 Vyp T+ Si2
See Refs. [15], [19]. The modified Mandel-Paule pro-

cedure with y =y,,,» is defined as above, but p— 1 in
the right-hand side of (93) is replaced by p, i.e.,

p-1l. (93)

&o(x %)
i=1 Y ymp +Si2
Notice that when p =2, the DerSimonian-Laird

estimator coincides with the Mandel-Paule rule, as, in
this case,

94)

1
Yup = VoL = Emax [0’(361 h )%)2 a Slz - S22 ], )

so that this estimator is similar to the REML estimates
estimates (66) and (67). In the general case, both of
these rules set y = 0, when

& (x - %)
2 =—<p-L
i=1 S;

i

(96)
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It was shown in Ref. [20] that the modified Mandel-
Paule is characterized by the following fact: the ML
estimator 6% of ¢” coincides with y,,,», if in the repa-
rametrized version of the likelihood equation the
weights w; admit representation (91). As a conse-
quence, the corresponding weighted means statistic (3)
must be close to the ML estimator, so that the modified
Mandel-Paule estimator approximates its ML counter-
part. Thus, the modified Mandel-Paule estimator can be
interpreted as a procedure which uses weights of the
form 1/(y +s;), instead of solutions of the likelihood
equation that are more difficult to find, and still main-
tains the same estimate of 6 as ML.

A similar interpretation holds for the original
Mandel-Paule rule and the REML function [21]. For
this reason both Mandel-Paule rules are quite natural. It
is also suggestive to use the weights (91) with
y =y, determined from the Mandel-Paule equation
(93) as a first approximation when solving the
likelihood equations via the iterative scheme (47) and
(48).

5.4 Uncertainty Assessment

It is tempting to use formula (88) to obtain an estima-
tor of the variance of X . For example, DerSimonian and
Laird [18] suggested an approximate formula for the
estimate of the variance of their estimator,

1

Var(x,, )= —=—————.
2 D+

)

Similarly motivated by (88), Paule and Mandel [19]
suggested to use [X,(vy»+575) '] to estimate the
variance of X,,,. However these estimators typically
underestimate the true variance, Ref. [5]. They are not
GUM consistent [22] in the sense that the variance esti-
mate is not representable as a quadratic form in devia-
tions x; — X .

Horn, Horn and Duncan [23] in the more general
context of linear models have suggested the following
GUM consistent estimate of V ar (X), which has the
form Y, o (x;—%)*/(1 - ), with o,=w,/X, w,.
When the plug-in weights are ;= +s?)"/
>, (v+sA7", i=1,..., p, this estimate is
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2 |z

(y+5 ) k:k¢iy+slf
1 .
e

T YEs;

(98)

Simulations show that (98) gives good confidence in-

tervals of the form, x+¢_,,(p-1) \/E . For the Mandel-
Paule rule or the DerSimonian-Laird procedure they

~

outperform the intervals, X+¢,,( p—1)\ Varn( x,,). Still

when all sample means are close x; = X, then y,, =0
and the uncertainty estimate (,s,%)”' may be a more
satisfactory answer than 6 = 0.

When p =2,

G-’ 0rs)ts)  (99)

sty

In this case § is an increasing function of y with the
largest value (x, — x,)*/4 attained when y — oo,

An alternative method of obtaining confidence
intervals for u on the basis of REML estimators was
suggested in Ref. [24] for an adjusted estimator of

Var(f{l) based on the inverse of the Fisher informa-

tion matrix. This (not GUM consistent) estimator is
more complicated.

6. Conclusions

The original motivation for this work was an attempt
to employ modern computational algebra techniques by
evaluating the Groebner bases of likelihood polynomi-
al equations for the random effects model. While this
attempt leads to an explicit answer when there are two
labs with no between-lab effect, it was not successful in
a more general situation. The classical iterative algo-
rithms appear to be more efficient in this application
although they do not guarantee the global optimum.
Simplified, method of moments based procedures,
especially the DerSimonian-Laird method, deserve
much wider use in interlaboratory studies.
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7. Appendix
7.1 Lemma 1

Lemma 1 Ifi+i> 1,then the following function
1 2

of y,

min
N+ =y

[(n—l)log[1+i+z—2j+zvf log », } (100)

1 2

is monotonically nondecreasing in the interval (0, 1)

Proof: With B=(1+z/y,+2z/y,)/(n—1), any
stationary point (y,, »,) in (100) satisfies the simultane-
ous equations,

(101)

where { is the Lagrange multiplier. By multiplying
these equations by y, and y, respectively and adding
them, we see that {y=1—1/B. Notice that B< 1 if
and only if {<0, which means that B>z,/(v,y;, for
i=1,2. Then z,/v, +z,/v, <1, which contradicts the
condition of the Lemma 1. Therefore, B > 1.

To prove Lemma 1 it suffices to show that the deriv-
ative of (100) is negative. This fact follows from the
inequality

(n_l)B’ +V1y’1 +V2y’2 _ B-1

<0,
B » ) By

(102)

which can be proven by differentiation of (101). Indeed
fori=1,2,

vy, zB _ y(B-1) yB 2y (B-1)
T T T gy T (103)
Y. yB Y'B yB yB

Since y, +y, =y, and y{+ y;= 1, by adding these iden-
tities we get

VWi VoY, B (104)

i Vs
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7.2 Elementary Symmetric Polynomials:
Lemmas 2 and 3

We note the following identities for elementary
symmetric polynomials. For 1 <i < j < p, define
o
P(y) = (¥ +(07 +o))y+clo)]],., (y+0)), one
has ‘

e O

o_';_ = (0},...,0,,0; ..,0'[2,). Since

S, =S, () +(07 +07)S,,,(5)
p—k p—k \Tij J 7 p—k=1\¥ij (105)

2.2 =2
+0,0;S,,,(6;).

Comparison of the coefficients of the polynomial
P” =" ((t-1)S, ,y'" with its other expression,
ZZISKJ_SPHM 6 +0;), shows that

(-

By differentiating the identity, S, ,(A0;,..., A07)

2 SP—/ (5112) =

1<i<j<p

(106)

= k”"SH (0'12,...,0';) twice with respect to A, we get

_ p—1t
3 o-fo‘jz_szt(O';):( 5 JS‘”' (107)

1<i<j<p

Combined with (105), identities (106) and (107)
demonstrate the following formula (108) (which the
author was unable to find in the literature.)

Lemma 2 Under the notation above, for 1<{< p-1,

Z (GLZ +C)-jz )Sp7171 (6-112) = g(p _K)Spff .

1<i<j<p

(108)
The following result Lemma 2 gives an upper bound
on the coefficients of polynomial Q.

Lemma 3 For(=0,1,,...,p—2,

(xi _x')2
Gys s SUHD(p=L=DS, |, max ——22-. (109)
Isi<jsp O; +O'j
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Indeed,

9pa-r ™ 2 ()9_)?/)2Sp—2—/(6-,]2')

8.
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[15]
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[18]

1<i<j<p
2
(x,—x,)
2

2
1si<jsp O T0;

(110)

(6! +07)S,, ,(5)).
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